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Digital twin technology

Synthesis of physics-based modeling & machine learning with real-world observational data

“A Digital Twin is a set of virtual information constructs that
mimics the structure, context, and behavior of an
individual/unique physical asset, is dynamically updated
with data from its physical twin throughout its lifecycle, and
informs decisions that realize value”

– AIAA Institute Position Paper, 2020

China: Top 10 frontier scientific questions
Singapore: Virtual Singapore
U.S.: DOE - AI and Decision Support for Complex Systems
Europe: Many initiatives in Horizon 2020 & EU
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Foundation – multi-query & real-time simulations
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Reduced-order models (ROMs) for digital twinning
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u̇(t; µ) = h(u(t; µ); µ)
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Ge Gd

q̇(t; µ) = h̃(q(t; µ); µ)

h̃(·; µ) = [@qGd(·)]† h(Gd(·); µ)
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Reduced-order models (ROMs) for digital twinning
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Reduced-order models (ROMs) for digital twinning
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Reduced order modeling through Gaussian processes

Gaussian process surrogate modeling

Prof. Jan Hesthaven Mariella Kast Dr. Zhenying Zhang

� MG, J. S. Hesthaven. Comput. Methods Appl. Mech. Eng., 341: 807-826, 2018.

� MG, J. S. Hesthaven. Comput. Methods Appl. Mech. Eng., 345: 75–99, 2019.

� Z. Zhang, MG, J. S. Hesthaven. Comput. Methods Appl. Mech. Eng., 353: 491-515, 2019.

� M. Kast, MG, J. S. Hesthaven. Comput. Methods Appl. Mech. Eng., 364: Article 112947, 2020.
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Reduced order modeling through Gaussian processes Gaussian process surrogate modeling

Reduced-order surrogate modeling

Non-intrusively find underlying structure from snapshot data −→ Machine Learning

Reduced-order solutions formulated as low-rank approximation:

u(x, t;µ) ≈
r∑

l=1
q̂l(t;µ)ψl(x) or uh(t;µ) ≈

r∑
l=1

q̂l(t;µ)vl ∈RNh with r ¿ Nh

OFFLINE STAGE:
Ï Reduced basis vectors {ψ1, · · · ,ψr} or V = [ v1 | · · · | vr ]

• Proper orthogonal decomposition acting on full-order snapshots [unsupervised learning]
Ï Expansion coefficients (t,µ) 7→ q̂l = 〈u,ψl〉Ω or vT

l uh

• Gaussian process surrogate models from projected snapshots [supervised learning]

ONLINE STAGE:
Ï Regression output evaluation + linear combination Simulation free

Offline improvements: multi-fidelity data fusion
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Reduced order modeling through Gaussian processes Gaussian process surrogate modeling

Gaussian process for regression

Prior Gaussian process (GP) with noise

q(µ) ∼GP (0,κ(µ,µ′)) , y = q(µ)+ε , ε∼N (0,σ2
y ) .

Posterior GP conditioned on training data

q∗(µ)| µ,X,y ∼ GP (m∗(µ),c∗(µ,µ′)) ,

m∗(µ) = κ(µ,X)K−1
y y , Ky = κ(X,X)+σ2

y IM ,

c∗(µ,µ′) = κ(µ,µ′)−κ(µ,X)K−1
y κ(X,µ′) .

Hyperparameters θ determined by maximizing the marginal likelihood

logp(y|X,θ) =− 1

2
yTK−1

y (θ)y− 1

2
log

∣∣Ky(θ)
∣∣− M

2
log(2π) . 0 2 4 6 8 10

x
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y

2  confidence level
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The posterior mean of GPR is equivalent to a kernel ridge regression.

� Interpolation: f (µ) = κ(µ,X)α; RKHS norm regularization: ‖f ‖2
H

=αTκ(X,X)α

� Loss function: J(f ) = ‖y− f (X)‖2
2 +σ2

y‖f ‖2
H

; argminα∈RM J(f ) = K−1
y y

� The existence of noise term σ2
y acts as a regularization.
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Reduced order modeling through Gaussian processes Hybrid modeling

Hybrid modeling for large-scale systems

Based on a predefined linear-nonlinear domain decomposition
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Sensitivity analysis and GPR

Urb
� (µ) ⇡ Urb

� (µ̃) ⇠ GP
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Solve a linear reduced basis problem

Urb
lin(µ) = [Arb

lin(µ)]�1[Frb
lin(µ) � Arb

lin,�(µ)Urb
� (µ)]
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GPR surrogate

Urb
nlin(µ) = Urb

nlin(Urb
� , µnlin) ⇠ GP
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(1)
(2)

(3)

Ï Sensitivity analysis (Modified DGSM) of solution field w(µ), ν̂i = νi∑d
i=1νi

, νi = E
[ ‖w(µ+δµi)‖2

δµi

]2

Ï Component-wise reduced order model [Huynh et al, 2013]: static condensation + reduced basis
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Reduced order modeling through Gaussian processes Applications

Applications in computational mechanics

0 20 40 60 80 100
Vertical displacement ∆ at the loading node / mm

-400

-200

0

200

400

600

Ve
rti

ca
l c

on
ce

nt
ra

te
d 

lo
ad

 F
 / 

N

( 7 1, 7 2) = (0.75,1.1)

Reduced-order
Full-order

0 20 40 60 80 100
Vertical displacement ∆ at the loading node / mm

-400

-200

0

200

400

600

800

1000

1200

Ve
rti

ca
l c

on
ce

nt
ra

te
d 

lo
ad

 F
 / 

N

( 7 1, 7 2) = (1.25,1.1)

Reduced-order
Full-order

0 20 40 60 80 100
Vertical displacement ∆ at the loading node / mm

-400

-200

0

200

400

600

Ve
rti

ca
l c

on
ce

nt
ra

te
d 

lo
ad

 F
 / 

N

( 7 1, 7 2) = (0.75,0.9)

Reduced-order
Full-order

0 20 40 60 80 100
Vertical displacement ∆ at the loading node / mm

-400

-200

0

200

400

600

Ve
rti

ca
l c

on
ce

nt
ra

te
d 

lo
ad

 F
 / 

N

( 7 1, 7 2) = (1.25,0.9)

Reduced-order
Full-order

Reduce order model predictions with RB size = 10
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Reduced order modeling through Gaussian processes Applications

Applications in computational physics
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Reduced order modeling through Gaussian processes Applications

Application to risk assessment

Estimation of a probability of 1E-05:
The max stress in the two nonlinear 
components exceeding 110.4 and 204.8 MPa

Subset simulation
- CW-MH
Component-Wise Metropolis-Hastings
- CS
Conditional Sampling
- aCS
Adaptive Conditional Sampling

Importance sampling
- iCEIS
Improved Cross-Entropy Importance Sampling
- CEIS
Cross-Entropy Importance Sampling
- SIS
Sequential Importance Sampling
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7.0E-06

CW-MH CS aCS iCEIS CEIS SIS

21 (full) parameters 19 parameters 17 parameters
15 parameters 13 parameters

Std’s of the samplings using different methodsStdev’s

w/ Z. Zhang and J. S. Hesthaven
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Reduced order modeling through Gaussian processes Applications

Active contraction of 
truncated ellipsoid

— Benchmark in 
Cardiac Mechanics

• Sensitivity analysis
• Parameter estimation

L. Cicci, S. Fresca, MG, A. Manzoni, P. Zunico. arXiv:2302.08216, 2023
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Reduced order modeling through Gaussian processes Applications
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Reduced order modeling through Bayesian operator Inference

Bayesian operator inference

Prof. Karen Willcox Shane McQuarrie

� MG, S. A. McQuarrie, K. E. Willcox. Comput. Methods Appl. Mech. Eng.: Article 115336, 2022.
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Reduced order modeling through Bayesian operator Inference Operator inference

Data-driven reduced-order operator inference

Full-order system: a quadratic one as example

d

dt
q(t) = Aq(t)+H[q(t)⊗q(t)]+Bu(t)+c , q(t0) = q0 , t ∈ [t0, tf ]

Projection-based reduced-order system: q ≈ Vq̂, POD basis dim(Col(V)) = r ¿ Nh

d

dt
q̂(t) = Âq̂(t)+ Ĥ[q̂(t)⊗ q̂(t)]+ B̂u(t)+ ĉ , q̂(t0) = VTq0 , t ∈ [t0, tf ]

Deterministic inference of reduced-order operators

Minimize the (regularized) reduced-order residual sum of squares with the projected state data

min
Â,Ĥ,B̂,ĉ

{
k−1∑
j=0

∥∥Âq̂j + Ĥ[q̂j ⊗ q̂j]+ B̂uj + ĉ− ˙̂qj
∥∥2

2 +P
(
[ Â Ĥ B̂ ĉ ]

)}
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Reduced order modeling through Bayesian operator Inference Operator inference

Data-driven reduced-order operator inference

Full-order system: a quadratic one as example

d

dt
q(t) = Aq(t)+H[q(t)⊗q(t)]+Bu(t)+c , q(t0) = q0 , t ∈ [t0, tf ]

Projection-based reduced-order system: q ≈ Vq̂, POD basis dim(Col(V)) = r ¿ Nh

d

dt
q̂(t) = Âq̂(t)+ Ĥ[q̂(t)⊗ q̂(t)]+ B̂u(t)+ ĉ , q̂(t0) = VTq0 , t ∈ [t0, tf ]

data noise approximation error regularization

model misspecification
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Reduced order modeling through Bayesian operator Inference Bayesian operator inference

Bayesian inference of reduced-order operators

We would like to change the following inference into a BAYESIAN fashion for UQ{‖Dôi − ri‖2
2 +P i(ôi)

}→ min Point estimate −→ Posterior distribution

Bayesian regression – likelihood and prior

Ï Likelihood

ri = Dôi +εi, p(εi) =N (εi|0k,K)

• Residual εi defined by a zero-mean Gaussian process

• Independent noise K =σ2
i Ik: p(ri| D, ôi,σ2

i ) =N (ri| Dôi,σ2
i Ik)

Ï Operator prior
p(ôi| σ2

i ,λi) =N (ôi| βi,σ
2
i diag(λi)

−1)

• w/ pre-defined mean vector, and hyper-parametrized variance
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Reduced order modeling through Bayesian operator Inference Bayesian operator inference

Bayesian inference of reduced-order operators

Bayesian regression – posterior

p(ôi| D,ri,σ2
i ,λi) =N (ôi| µi,Σi) ∝ p(ri| D, ôi,σ2

i ) p(ôi| σ2
i ,λi), in which

Σi =Σi(D,σ2
i ,λi) =σ2

i

[
diag(λi)+DTD

]−1

µi =µi(ri,D,λi) =βi +
[
diag(λi)+DTD

]−1
DT(ri −Dβi)

Ï Posterior mean: equivalent to Tikhonov-regularized deterministic OpInf (= ridge regression)

• Resolve issues with ill-conditioned Gram matrices

• Help stabilize the reduced-order time integration
Ï Posterior variance: quantifying the modeling uncertainty introduced by Tikhonov regularization
Ï Regularization selection: aided by maximum marginal likelihood

Li(σ
2
i ,λi) =− 1

2σ2
i

‖ri −Dµi‖2
2 −

1

2σ2
i

∥∥diag(λi)
1/2δµi

∥∥2
2

− 1

2
log

∣∣diag(λi)+DTD
∣∣+ 1

2
log(λi)

T1d(r,m) −
k

2
log

(
σ2

i

)− k

2
log(2π)
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Reduced order modeling through Bayesian operator Inference Bayesian operator inference

Bayesian inference of reduced-order operators

Bayesian regression – posterior

p(ôi| D,ri,σ2
i ,λi) =N (ôi| µi,Σi) ∝ p(ri| D, ôi,σ2

i ) p(ôi| σ2
i ,λi), in which

Σi =Σi(D,σ2
i ,λi) =σ2

i

[
diag(λi)+DTD

]−1

µi =µi(ri,D,λi) =βi +
[
diag(λi)+DTD

]−1
DT(ri −Dβi)

!

!

!"#$%&"'
&'($)$'*$

+",-.$/
-0%1$)&0)

2$34*$35
0)3$)/%0.6$

788)$8"1$/
%0.41&0'%

!

!

ROM(Ô1)

ROM(ÔN )

90%1$)&0)
0-$)"10)/
3&%1)&:41&0'

p(Ô|D,R)

9)0;$*1$3/
%'"-%<01/3"1"///=D

>&,$/3$)&6"1&6$/
$%1&,"1$%///=R

ROM(Ô`)

A probabilistic reduced-order model: p(q̂(t)| D,R) =
∫

p(q̂(t)| ô1, . . . , ôr)
r∏

i=1
p(ôi| D,ri) dôi
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Reduced order modeling through Bayesian operator Inference Applications

Noised Euler equations

90

100

110

V
el
oc
it
y

[m
/s
]

x = 0.33

Truth Observations BayesOpInf solution sampling mean ± 3 stdevs

x = 1.00 x = 1.66

80000

100000

P
re
ss
ur
e

[P
a]

0.000 0.008 0.016 0.024

Time [s]

20

25

D
en
si
ty

[k
g/
m

3 ]

0.000 0.008 0.016 0.024

Time [s]
0.000 0.008 0.016 0.024

Time [s]

95

100

105

V
el
oc
it
y
[m

/s
]

Training Prediction

90000

100000

110000

P
re
ss
u
re

[P
a]

0.00 0.01 0.02 0.03
Time [s]

20

25

D
en
si
ty

[k
g/
m

3
]

0 10 20 30
Singular value index

10°5

10°4

10°3

10°2

10°1

100

S
in
gu

la
r
va
lu
e
(n
or
m
al
iz
ed
)

noiseless

1% noise

5% noise

0.10

0.30

0.50

0.70

0.90

1.10

1.30

1.50

1.70

1.90

S
p
at
ia
l
co
or
d
in
at
e
x

8
><
>:

@
@t [⇢] = � @

@x [⇢u]
@
@t [⇢u] = � @

@x

⇥
⇢u2 + p

⇤
@
@t [⇢e] = � @

@x [(⇢e + p)u]

d

dt
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Reduced order modeling through Bayesian operator Inference Applications

2D single-injector combustion process

McQuarrie, et al. J. R. Soc. N. Z. (2021)
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Reduced order modeling through Bayesian operator Inference Applications

2D single-injector combustion process
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Reduced order modeling through deep kernel learning

Deep kernel learning of reduced dynamics

Prof. Christoph Brune Dr. Nicolò Botteghi

Ï N. Botteghi, MG, C. Brune. Scientific Reports, 12: 21530, 2022.
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics

Deep kernel learning

Measurements
or "observations"

Reduced-
order forward 

dynamical 
model

Prediction

Uncertainty
quantification

Learn reduced-order latent dynamics 
from high-dimensional measurements — images
corrupted by noise

Predictive data-driven ROM + UQ

kDKL(x, x0;W, ✓)

= k(NN (x;W), NN (x0;W); ✓)

<latexit sha1_base64="yq0r+y0lK+YDYrx0yDDn58BEF5k="></latexit>

Deep Kernel Learning

q DKL is a special manifold Gaussian process

q NN trained as GP hyperparameters

q Simpler and cheaper than Bayesian NN

q Used for modeling, denoising, and UQ

DKL:  Wilson et al. PMLR, 2016. Manifold GP: Calandra et al. IJCNN, IEEE, 2016.
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics
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Background framework for RL & control: N. Botteghi. Robotics Deep Reinforcement 
Learning with Loose Prior Knowledge. PhD thesis, University of Twente, 2021.

Deep Kernel Learning

NN GP
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics

Learning reduced dynamical models

!"#$%&"'()*"+),- )+"*./
'(,*01('()2*

ȭࢠ೟

೟ࢠߤ
ଵݔ

ௗݔ

݄ଵ

௝݄ ݄௞

݄ଵ
݄ଵ

݄௟
௧ࢠ

௧࢛ ȭࢠ೟శభ

೟ࢠߤ

௧ାଵࢠ
ଵݖ

௥ݖ

݄ଵ

௝݄ ݄௞

݄ଵ
݄ଵ

݄௟

ݑ

ଵݖ

௥ݖ

݄ଵ

௝݄ ݄௞

݄ଵ
ଵݔ

ௗݔ
ሷ߶!ݐ" # െ

$
݈݉

!݉݃ %&'߶ ݐ ( ""ݐ!ݑ

3)&(1-.")#/#+4(1)")#/(50,2"+)/+6/,/
&.),'"7,-/*.*2('

8((9/:(1)(-/;(,1)")#/()7+&(1

8((9/:(1)(-/;(,1)")#/
&.),'"7,-/'+&(-

8(7+&(1

ȭ ො௫೟

೟࢞ෝߤ

ෝ࢚࢞

8()+"*(&/1(7+)*21072"+)*/
+6/2$(/'(,*01('()2*

"௧࢛*௧ࢠ(௧ାଵࢠ!݌

"௧࢞(௧ࢠ!݌

<<

<<

<<

=>

=>
ଵ݂

௟݂

ଵ݂

௟݂

೟࢞ෝߤ!ࣨ * ȭෝ࢞೟!

௧ିଵ࢞ ෝି࢚࢞૚

௧࢞ ෝ࢚࢞

!"#$%&'()$*+('(,-$ .(/",$-+*/-#",&"0&-1(&$)'23($&0+"'&
#௧࢞௧"෥ࢠ!݌

!"
#$(

&3(
4(
3

!"#$%&"'"()$ *"+,($)&%+)-,(.,/.)0".$#'12"$./&,'.
௧ࢠ"௧ାଵࢠ!݌ # ෥࢛௧$

3,
-$"

.4"
5"
2

!"#$%&"'"()$ *"+,($)&%+)-,(.,/.)0".$#'12"$./&,'.
௧ࢠ"௧ାଵࢠ!݌ # ෥࢛௧$

x̃t = xt + ✏x, ✏x ⇠ N (0, �2
x)
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics

Learning reduced dynamical models
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics

4TU.AMI Strategic Research Initiative Bridging Numerical Analysis and Machine Learning

Two events in the Fall at CWI Amsterdam
� Workshop (Dec.) Scientific Machine Learning: Bridging Computational Physics and Machine Learning
� Autumn school (Oct.) Scientific Machine Learning for Dynamical Systems
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Reduced order modeling through deep kernel learning Deep kernel learning of reduced dynamics

Data-driven model reduction with probabilistic ML
Ï Black-box: Gaussian process surrogate modeling
Ï Glass-box: Bayesian reduced operator inference
Ï Gray-box: Deep Kernel Learning

Thank you!

Dr. Mengwu Guo

m.guo@utwente.nl
http://mengwuguo.weebly.com/
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